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CONNECTIVITY OF JULIA SETS OF NEWTON MAPS: 

A UNIFIED APPROACH 

KRZYSZTOF BARANSKI, NURIA FAGELLA, XAVIER JARQUE, AND BOGUSLAWA KARPINSKA 


Abstract. In this paper we give a unified proof of the fact that the Julia set of Newton’s 
method applied to a holomorphic function of the complex plane (a polynomial of degree 
large than 1 or an entire transcendental function) is connected. The result was recently 
completed by the authors’ previous work, as a consequence of a more general theorem whose 
proof spreads among many papers, which consider separately a number of particular cases 
for rational and transcendental maps, and use a variety of techniques. In this note we present 
a unihed, direct and reasonably self-contained proof which works for all situations alike. 


1. Introduction 


Newton’s method is one of the oldest and best known root-hnding algorithms. It is also 
the motivation which inspired the modern approach to holomorphic dynamics, when the local 
study turned out to be insufficient for a good understanding of the method applied to complex 
polynomials. 

The global dynamics of Newton’s method applied to complex quadratic polynomials is al¬ 
ways conjugate to the dynamics of z i-)> , as already noticed in the early works of E. Schroder 

and A. Cayley |Cay79a[ i Cay79b |Cay80 ISch70l ISch7I| . They also observed that this trivial 
situation is no longer true when Newton’s method is applied to higher degree polynomials, 
where the boundaries between different basins of attraction of attracting fixed points (known 
nowadays as the Julia set) have, in general, rich and intricate topology. 

A good understanding of the topology of the Julia set of Newton’s method, applied to 
either polynomials or entire transcendental functions, is interesting not only from the point of 
view of holomorphic dynamics but it also has interesting numerical applications |HSS01| . One 
of the questions which has attracted much attention over many years is whether the stable 
components of the method, including for example the basins of attraction of the attracting 
fixed points, are simply connected. We know now that the answer is affirmative as a corollary 
of a more general theorem, whose proof spreads over the papers |Shi09llFJT08[lFJTIlllBT96| 
and |BFJK14b| . The proofs used various topological and analytical techniques, including 
quasiconformal geometry. 

Our goal in this paper is to give a direct and unihed proof of the connectivity of the 
Julia set of Newton’s method, or equivalently, of the simple connectivity of each of its stable 
components. Our proof is inspired by the new approach introduced in [BFJKlJb] . which 
included the development and applications of hxed point theorems. These techniques are 
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now expanded and refined so that they fullfil the new goals. We now proceed to describe our 
objectives in more detail. 

Let 5 : C —)• C be a polynomial of degree d > 2 or an entire transcendental map, i.e. a 
holomorphic map on C with an essential singularity at infinity. Its Newton’s method (called 
also the Newton map corresponding to g) is defined as 

N = N„ :=Id-^. 

9 

It is well known that the finite fixed points of N are, exactly, the zeroes of g. Moreover, all 
of them are attracting (the derivative of N has modulus smaller than 1 at these points). In 
fact, if the corresponding root of g is simple, then the fixed point of N is superattracting (the 
derivative of N vanishes). 

If 5 is a polynomial of degree d >2, then is a rational map, and hence it is holomorphic 
on the Riemann sphere C. It is easy to check that in this case the point at inhnity is a 
repelling fixed point of N. If N is the Newton map of an entire transcendental function g, 
then N is meromorphic transcendental, with infinity being an essential singularity, except for 
the case g{z) = P{z) exp(Q(z)) with P and Q polynomials, when N is rational. (In this very 
special case, the point at infinity is a parabolic fixed point of N with derivative 1.) In both 
cases, all finite fixed points of N are attracting. 



Figure 1. Dynamical planes of Newton’s methods for a polynomial (left) and 
entire transcendental map (right). 

Let / : C —)• C be a meromorphic map, rational or transcendental, as for example the 
Newton’s map of a polynomial of degree larger than 1 or a transcendental entire map. We 
consider the dynamical system given by the iterates of /, which induces a dynamical partition 
of the Riemann sphere into two completely invariant sets: the Patou set P{f), which is the 
set of points z G C, where the family of iterates {f^}k>o is defined and normal in some 
neighborhood of z, and its complement, the Julia set J{f) = C \ P{f)- The Fatou set is 
open and consists of points with, in some sense, stable dynamics, while the Julia set is closed 
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and its points exhibit chaotic behavior. For general background on the dynamics of rational 
and meromorphic maps we refer to, for example, |Ber93l ICG93j or |Mil06| . Note that for all 
Newton’s maps N, the point at infinity is contained in the Julia set of N. 

Connected components of the Fatou set, known as Fatou components, are mapped by / 
among themselves. A Fatou component U is periodic of (minimal) period p> 1, or p-periodic, 
if P{U) C U. For p = 1 such a component is named invariant. A component which is not 
eventually periodic (under the iteration of /) is called wandering (these do not exist in the 
rational case |Sul85| l. There is a complete classification of periodic Fatou components: such 
a component can either be a rotation domain (a Siegel disc or a Herman ring), the basin of 
attraction of an attracting or parabolic periodic point or a Baker domain, although this last 
possibility occurs only if the map is transcendental. Recall that a p-periodic Fatou component 
[/ C C is a Baker domain, if on U tend to a point C in the boundary of U as A: —)• oo, and 
f^{C) is not defined for some j G {0, .. .p — 1}. This implies the existence of an unbounded 
Fatou component U' in the same cycle, such that oo on U'. 

As already mentioned, the question of the connectivity of the Julia set of meromorphic 
Newton’s maps has been widely considered in the literature. Note that, since the Julia set is 
compact in C, its connectivity is equivalent to the simple connectivity of all Fatou components. 
The first results are due to F. Przytycki |Prz89j and Tan Lei |Tan97j on rational Newton’s 
maps. A complete answer for Newton maps for polynomials was given by M. Shishikura 
[Shi09] via a more general theorem. More precisely, by means of quasiconformal surgery, he 
proved that every rational map with less than two weakly repelling fixed points (i.e. fixed 
points zq such that |/'( 2 ;o)| > 1 or f'{zo) = 1), as it is the case of rational Newton maps, has 
a connected Julia set. 

The extension of this remarkable result to transcendental Newton maps turned out to be 
not easy. Shishikura’s techniques which were based on the pullback of invariant absorbing sets 
under N, encountered technical difficulties in the transcendental setting due to the presence of 
the essential singularity at infinity. Nevertheless, with some extra tools, the strategy worked 
for all Fatou components except for Baker domains |BT96l[FJT08l[FJTll| . The case of Baker 
domains required a new approach which was recently developed by the authors in [BFJK14b] . 
Prior to the actual proof, the existence of nice enough absorbing domains was shown for this 
type of Fatou components. Once this was settled, an alternative strategy to Shishikura’s 
pullback construction was presented, providing the existence of weakly repelling fixed points 
and therefore completing the proof by contradiction. 

In this paper we want to apply these new ideas to the whole range of possible Fatou 
components, not only for Baker domains. Our aim is not to reprove the general result of 
[Shi09l IFJTn81 IFJTlll IBT961 IBFJK14b] . but to restrict to Newton’s method and give a 


unified proof of the connectivity of its Julia set, using a common and simpler strategy for 
both, the rational and the transcendental case. Therefore our goal is to prove the following 
theorem. 


Main Theorem. Let g be a holomorphic function on the complex plane of degree larger than 
1 {polynomial or entire transcendental) and let Ng be its Newton’s method. Then the Julia set 
of Ng is a connected subset of C or, equivalently, every Fatou component of Ng is a simply 
connected subset ofC. 

We shall use auxilliary results which provide the existence of fixed points assuming certain 
relative positions of sets and their respective images. Some of these results (or slight variations 
therein) were developed in |BFJK14b| but others are new, based on the argument principle 
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and homotopies. In all cases we argue by contradiction, using on the one hand that all finite 
fixed points of Newton’s method are attracting and on the other hand that their basins of 
attraction are unbounded. 

The paper is organized as follows. In Section we state the tools and preliminary results 
used in the proof. Some of these results were previously developed in [BFJK14b] , nevertheless 
we include the proofs of the main lemmas to make the paper self-contained. The proof of the 
Main Theorem is contained in Section |3l 
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2. Background and preliminary results 

2.1. Fatou components of meromorphic maps. From the beginning of the 20th century, 
it is well known that basins of attraction of attracting or parabolic cycles possess simply 
connected absorbing sets. Indeed, if U is the basin of a (super)attracting cycle, there exists 
a neighborhood of the periodic orbit which is invariant under the map and which eventually 
captures the orbit of every point in U. A set with similar properties can also be constructed 
for the basin of a parabolic cycle (see Remark]^. 

In the realm of transcendental dynamics there appear periodic Fatou components of an 
additional type, namely Baker domains. These are sometimes called parabolic domains at 
infinity because they reflect the dynamics of parabolic basins with the parabolic cycle con¬ 
taining infinity. Nevertheless, the fact that the essential singularity is part of the (virtual) 
cycle introduces significant differences in the study of the dynamics. Although the Fatou 
theory for parabolic cycles does not apply here, in some cases one can achieve a reasonable 
understanding of the dynamics near infinity (see e.g. [BFnTl iFTinm |Rip06[ iBFUTld^ l. In 
particular, the existence of absorbing sets (not necessarily simply connected) inside Baker 
domains was recently established in [BF.IKI4bj . We state this result below, in an appropriate 
form to be applied in the proof of the Main Theorem. 

Theorem 1 (Existence of absorbing regions in Baker domains). Let f : C ^ C be a 

transcendental meromorphic map and let U be a periodic Baker domain of period p such that 
—)• oo as n ^ oo. Set F ;= fP. Then there exists a domain W (Z U with the following 
properties: 

(a) W dU, 

(b) F^iW) =^{W) C F'^-^iW) for every n>l, 

(c) = 

(d) W is absorbing in U for F, i.e. for every compact set K G U, there exists no G N 
such that F^(K) C W for all n > uq. 

Moreover, F is locally univalent on W. 

Remark 2. If [/ is the basin of a (super) attracting p-periodic point then F = fP is 
conformally conjugate to z i— F'{Cf)z (if F'{<f) 7 ^ 0) or z i—)> z*’ for some integer /c > 2 (if 
F'{(f) = 0) near z = 0. In this case, if we take W to be the preimage of a small disc centered 
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at z = 0 under the conjugating map, then W is a simply connected absorbing domain for F 
and r\n>o ~ Similarly if ?7 is a basin of a parabolic p-periodic point, it has a 

simply connected absorbing domain in an attracting petal in U. 

The following result appears as part of [MSr) 6 | . We include here a direct proof for com¬ 
pleteness using ideas from |Prz89j (see also |Fag99t IRemOSi IDenl4j ). 

Proposition 3 (Unboundedness of Newton’s basins). Let N be a meromorphic Newton’s 
map (rational or transcendental) and let U be the immediate basin of attraction of an attracting 
fixed point. Then U is unbounded. 

Proof. Assume that U is an immediate bounded basin of attraction of an attracting fixed 
point f. Since U is bounded, it contains finitely many critical points and all of them are 
attracted to (. Hence we can choose two distinct points zo,zi G [/\{C} such that N{zi) = zq, 
and they can be joined by a curve 70 C U \ lJn>i A^”(Crit H U), where Crit denotes the set 
of critical points of N. 

Denote by h the local branch of N~^ mapping zq to zi. This branch can be extended 
along 70 unless 70 contains an asymtpotic value whose asymptotic path is contained in U, 
contradicting the boundness of U. Repeating the argument, we can define inductively 7 n = 
h{'yn-i) where now h denotes the extension of the initial branch along the curve Ufco 7 i- Set 
7 = Un =0 7n. 

Observe that there exists a neighborhood V of 70 such that the distortion of /i” is bounded 
on V, independently of n. This implies that the diameter of 7 „ tends to 0. Indeed, otherwise 
there exists a subsequence Uj and a nonempty open set V’ C n^^/i”'j(U) containing a limit 
point of 7 , so the family is normal on V. But this is not possible since any limit point 
of 7 is in the Julia set. 

Hence \zn — Zn+i\ = \zn — N{zn)\ — t 0 and therefore there is a finite fixed point in dU, 
which is a contradiction. 

□ 

2.2. Images of curves and existence of fixed points. The notation and the results in 
this section will be used repeatedly in the proof of the Main Theorem. 

For a compact set X C C we denote by ext(X) the connected component of C\X containing 
inhnity. We set K{X) = C \ ext(X) and notice that K{X) is closed and bounded. If / is a 
holomorphic map with no poles in a neighborhood of K{X), then by the Maximum Principle, 
f{K{X)) = K{f{X)). For a Jordan curve 7 C C we denote by int( 7 ) the bounded component 
of C \ 7 . 

The first result in this sequel establishes the existence of poles in some bounded component 
of the complement of a multiply connected Fatou component. This will be the starting point 
in most of our future arguments. 

Lemma 4 (Poles in loops). Let / : C —)• C 6e a meromorphic transcendental map or a 
rational map for which infinity belongs to the Julia set. Let 7 C C 6 e a closed curve in a 
Fatou component U of f, such that K{'y) n J7’(/) / 0. Then there exists n > 0, such that 
K{f^{'y)) contains a pole of f. Consequently, if U is multiply connected then there exists a 
bounded component ofC\ f’^{U), which contains a pole. 

Proof. If / is transcendental, it is well known that prepoles are dense in the Julia set [Ber93| . 
If / is rational, preimages of any given point in the Julia set, in particular inhnity, are dense 
in the Julia set. 
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Let 7 C C be a closed curve in a Fatou component U of /, such that K{^) n J (/) / 0. By 
the observation above, K{'^) contains a prepole of order, say, n > 0, where n is the smallest 
with this property. By the maximum principle, f^{K{'y)) = K{f^{'y)) for all j < n and 
therefore K{f^{'y)) contains a pole of /. Since C it follows that if U is multiply 

connected, the pole belongs to a bounded component of C \ /"■([/). □ 

The remaining statements ensure the existence of weakly repelling fixed points under certain 
hypotheses. Recall that a fixed point zq of a holomorphic map / is weakly repelling, if 
\f'{zo)\ > 1 or f'izo) = 1. The main lemmas rely heavily on the following two theorems due 
to Buff. 

Theorem 5 (Rational-like maps |Buf03l Theorem 2]). Let D and D' he domains in C with 
finite Euler characteristic, such that D' <Z D and let f : D' ^ D he a proper holomorphic 
map. Then f has a weakly repelling fixed point in D'. 

The following is an improved corollary of |Buf03[ Theorem 3]. 

Theorem 6 (Rational-like maps with boundary contact [BF.TKldTil Corollary 2.12]). 
Let D he a simply connected domain in C with locally connected boundary and D' <Z D a 
domain in C with finite Euler characteristic. Let f be a continuous map on the closure of D' 
in C, meromorphic in D', such that f : D' ^ D is proper. If deg / > 1 and f has no fixed 
points in dD n dD', or deg / = 1 and D D', then f has a weakly repelling fixed point in 
D'. 


We shall also use the following topological result. 

Theorem 7 (Torhorst Theorem |Why63| pp. 106, Theorem 2.2]). Let X be a locally 
connected continuum in C. Then the boundary of every component of C \ X is a locally 
connected continuum. 


The folllowing are the main results which will be used in our proofs. All of them (or slight 

were proven in [BF,TK14b] . The latter is new 


modifications therein), except Proposition 
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and its proof is contained in Subsection 2.2.1 


Lemma 8 (Boundary maps out). Let Q G C be a bounded domain with finite Euler 
characteristic and let f be a meromorphic map in a neighborhood of id. Assume that there 
exists a component D of C\ f{dll), such that: 

(а) U C D, 

(б) there exists zq G Ll such that f{zo) G D. 

Then f has a weakly repelling fixed point in Ll. Moreover, if additionally Ll is simply connected 
with locally connected boundary, then the assumption (a) can be replaced by: 

{a') LI G D and f has no fixed points in dLl H f{dLl) 
or by 

(a") LI = D, f has no fixed points in dLl and f{Ll) O. 

Proof. By the assumption (b), there exists a component D' of f~^{D) containing zq. Observe 
that 

D' G LI. 

To see this, suppose that D' is not contained in LI. Then there exists z G D' Gi dLl. Conse¬ 
quently, f{z) G D G f{dLl). This is a contradiction since, by definition, D n f{dLl) = 0. 
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As a consequence, D' is bounded. Moreover, since 0 has finite Euler characteristic, dO. (and 
hence f{dQ) and dD) has a finite number of components, so D has finite Euler characteristic. 
One can check that D' has finite Euler characteristic and the restriction f : D' ^ D is proper. 
Moreover, the assumption (a) implies D' C D. Hence (possibly after a change of coordinates 
in C by a Mobius transformation), / : D' —)• D is a rational-like map, so / has a weakly 
repelling fixed point in D' C 0 by Theorem 

Now, assume that 0 is simply connected with locally connected boundary, and the assump¬ 
tion (a) is replaced by (a'). Then dQ (and hence f{di})) is a locally connected continuum in 
C. Moreover we also have that D is simply connected and, by Torhorst Theorem (if A is a 
locally connected continuum in C, then the boundary of every component of C \ A is a lo¬ 
cally connected continuum) [Why 63 pp. 106, Theorem 2.2], has locally connected boundary. 


Moreover, since D' <Z ^ <Z D and the boundary of D is contained in /(Sfl), the intersection 
of the boundaries of D and D' is either empty or is contained in dfi H /(cAl). This together 
with the condition (a') implies that the restriction f ■. D' ^ D satisfies the assumptions of 
Theorem]^ providing the existence of a weakly repelling fixed point. 

Einally suppose that (a") is satisfied instead of (a'), so that cAl C df{Q). Again, let D' C 12 
be the connected component of f~^{D) containing zq. By assumption, there exist points in 
n which do not map into 12 hence D' <Z D. Since f : D' ^ D is proper, it has no fixed points 
in dD' n dD and D' ^ D we are again under the assumptions of Theorem which ends the 
proof. □ 


Lemma implies the following two corollaries. 

Corollary 9 (Continuum surrounds a pole and maps out). Let X G C be a continuum 
and let f be a meromorphic map in a neighborhood of K{X). Suppose that: 

(a) f has no poles in X, 

(b) KiX) contains a pole of f, 

(c) A(A)Cext(/(A)). 

Then f has a weakly repelling fixed point in the interior of K{X). 


Proof. Let p G K{X) be a pole of /. Observe that by the assumption (a), the set /(A) (and 
hence A(/(A))) is a continuum in C. Moreover, (a) implies 

p E 12 C n C K{X) 

for a bounded simply connected component 12 of C \ A. We have dkl C A, which gives 
/((912) C /(A), so by the assumption (c), 

K{X) C ext(/(dl2)), 

which implies Ll C ext(/(512)). 

Let D = ext(/(512)). We have 12 C 12, p E 0 and /(p) = oo G D. Hence, the assumptions 
of Lemma are satisfied for LI, D,p, so / has a weakly repelling fixed point in 12, which is a 
subset of the interior of K{X). □ 


Corollary 10 (Continuum maps out twice). Let X G C be a continuum and let f be a 
meromorphic map in a neighbourhood of X U A(/(A)). Suppose that: 

(a) / has no poles in X, 

(b) X G KifiX)), 

(c) /2(A)Cext(/(A)). 
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Then f has a weakly repelling fixed point in the interior of K{f{X)). 

Proof. By the assumption (a), the set f{X) (and hence K{f{X))) is a continuum in C and 
f‘^{X) is a continuum in C. Moreover, X n f{X) = 0 (otherwise f{X) n f‘^{X) / 0, which 
contradicts the assumption (c)). Hence, by (b), 

X C H C n C K{f{X)) 

for some bounded simply connected component H of C \ f{X). We have dkl C f{X), so 
f{dQ) C /^(X) and by the assumption (c), 

K{f{x))cc\f{x)cc\f{dn), 

which gives K{f{X)) C D for some component D of C\/(9H). Consequently, H C K{f{X)) C 
D. Moreover, for any zq ^ X we have zq G and f{zo) G /(X) C D. Hence, the assumptions 
of Lemma 1^ are satisfied for H, D and zq, so f has a weakly repelling fixed point in H, which 
is contained in the interior of K{f{X)). □ 

The next proposition is new and it will be key in our arguments. Recall that the multiplicity 
of a point zq hxed by a holomorphic map / is the order of zq as a zero of f{z) — z. 

Proposition 11. Let LI G C be a simply connected bounded domain and let f be a meromor- 
phic map in a neighborhood of LI, such that f{dLl) C Ll. Then H contains exactly m + 1 fixed 
points of f, counted with multiplicities, where m is the number of poles of f contained in 
counted with multiplicities. 

Remark. Notice that the number of fixed points of / in H counted with multiplicity is the 
sum of the Lefschetz indices of the fixed points in Ll. For similar results on the sum of the 
Lefschetz indices for holomorphic maps and relation to the Lefschetz Fixed Point Theorem 
in special situations, refer to [GM93t rPSOT] . 

Observe that Proposition|ll[ as opposed to the lemmas above, does not give any information 
about the nature of the fixed points: these might be attracting, repelling or indifferent. 

2.2.1. Winding numbers: Proof of Proposition\ll\ 

Given a closed oriented curve 7 : [0,1] —)■ C and a point P not in 7 , we denote by wind((T, P) 
the winding number (or index) of 7 with respect to the point P, i.e. the number of turns that 
7 makes around P. We will use the symbol 7 for both the curve and its image in the plane, 
7 ([ 0 ,1]). The following is a simple application of the Argument Principle to the map f(z) — z. 

Lemma 12 (Argument Principle). Let Ll G C be a domain bounded by a Jordan curve 
7 : [0,1] —)> C and let f be a meromorphic map in a neighborhood of H such that f{z) z, 00 
for all points 2 : G 7 . Set a{t) := f{'y{t)). Let Fix(/) be the set of fixed points of f and P{f) 
be the set of poles of f. Then 

wind(cr(t) - 7 (t), 0) = #(Fix(/) n H) - #{P{f) n Ll) 
counted with multiplicities. 

Hence, Lemma gives us the number of fixed points of a map / inside a Jordan domain 
(counted with multiplicity), if we know the number of poles, and provided we are able to 
compute the winding number of the curve /( 7 (t)) — 7 (t) with respect to the origin. But in 
many occasions this is not an obvious computation to make. The following lemma simplifies 
this counting in the case that both curves do not intersect. See |BF15t Lemma 4.6] for a more 
general statement. 
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Lemma 13 (Computing winding numbers). Let 'y,a : [0,1] — )• C 6e two disjoint closed 
curves and let P ^ j and Q £ a be arbitrary points. Then 

(1) wind((T(t) — 7 (t), 0) = wind( 7 , Q) + wind(cj, P). 

Proof. Note that the right hand side in Q is independent of the chosen points P G 7 and Q G 
a. Indeed, wind( 7 ,.) is constant in every connected component of C\ 7 , and by hypothesis, a{t) 
is contained in the same component for all t. Similarly, the second term is also independent 
of P. 

We now show the equality. Suppose first that 7 belongs to a bounded component of C \ cr. 
Then, the left side of the equation is invariant under small perturbations of 7 and therefore is 
invariant under homotopies of 7 in C \ fi. By contracting 7 to the constant curve P we have 
that 

wind(cj(t) — 7 (t), 0) = wind(cr — P, 0) = wind(cj, P), 

and the equality ([^ follows since wind(P, Q) = 0. In the symmetric case, when a belongs 
to a bounded component of C \ 7 , we may contract a to the constant curve Q and proceed 
equivalently. □ 


With these two tools we are now ready to proof Proposition 11 


Proof of Proposition [TH It follows from the assumptions that dQ contains neither poles nor 
fixed points of /. Since fixed points and poles are isolated in C, this is still true for a sufficiently 
small neighborhood of dLl, say V := {z € C \ dist(z, 511) < e}. Decreasing e if necessary, we 
may assume, by continuity of /, that /(D n D) C D \ P. 

Let y? : D — 7 - D be a Riemann map and set 7 := ip{{u G O : |u| = 1 — <5}) for a small 
(^ > 0, with the canonical parametrization. Since (p is univalent, 7 is a Jordan curve and, for 
sufficienlty small J, it is contained in P n D. It follows that 7 ( 7 ) C int( 7 ). Moreover, int( 7 ) 
contains m poles, and exactly as many fixed points as D does. 

Set a{t) := / ( 7 (t)) and let P = cj(0) = <t(1). Then it is clear that 7 n fi = 0 and hence 
we are under the hypothesis of Lemma 13 Notice that wind( 7 , P) = 1 because 7 is Jordan 


curve and P G int( 7 ). Likewise, wind(iT, zq) = 0 for all zq G 7, given that a C int( 7 ). Thus 
wind((T(t) — 7 (t), 0) = wind( 7 , P) + wind((T, zq) = 1, 
which together with Lemma yields 

#(Fix(/) n int( 7 )) - #(P(/) n int( 7 )) = wind(fT(t) - 7 (t), 0) = 1. 


Therefore 


#(Fix(/)nD) = #(Fix(/) n int( 7 )) = m + 1. 


□ 


3. Proof of the Main Theorem 

In this section N denotes a Newton map, that is, the Newton’s method applied to a 
polynomial or to an entire transcendental function. 

We shall prove the Main Theorem by showing that every possible Fatou component U of 
a is simply connected. It is important to keep in mind that Newton maps have no finite 
weakly repelling fixed points since all their finite hxed points are attracting. 

We divide the proof into two cases. 

(a) U is an invariant Fatou component (Theorem 


14). 
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(b) U is a (pre)periodic Fatou component of minimal period p > 1 or a wandering domain 
(Theorem 

3.1. Invariant Fatou components. Let N he a meromorphic Newton’s map. According 
to the Fatou Classification Theorem |Ber93t Theorem 6 ] if [/ is a (forward) invariant Fatou 
domain then U is the immediate (super)attracting basin of an attracting or parabolic fixed 
point , an invariant Herman ring or an invariant Baker domain. Since we are dealing with a 
Newton’s method, the parabolic case is not possible unless N is of the special type when oo 
is a parabolic fixed point with derivative one, in which case U is its invariant parabolic basin. 
Our goal in this section is to prove the following theorem. 

Theorem 14 (Forward invariant Fatou components). Let N be a meromorphic Newton’s 
map and let U be a forward invariant Fatou component of N. Then U is simply connected. 

We start by showing that invariant Herman rings cannot exist for N. A different proof can 
be found in |RS07j . 

Proposition 15. A Newton map N has no invariant Herman rings. 

Proof. Suppose N has an invariant Herman ring U. Then U is conformally equivalent to 
an annulus, foliated by simple closed curves which are invariant under N, and on which the 
dynamics is conjugate to an irrational rigid rotation. Choose 7 to be one such curve, and 
let Q be the domain bounded by 7 . Observe that f{Ll (1 U) = Ll (1 U, but there must be 
points in 0 which are mapped outside H or, otherwise, {A^”} would form a normal family 
in Ll by Montel’s Theorem, contradicting that Ll n J{N) 7 ^ 0. Therefore we are under the 
hypotheses of Lemma(a”). Indeed, H is simply connected with locally connected boundary 
and N{dLl) = dLl so we may choose D = Ll. Moreover, N has no fixed points in dLl because 
N\qq is conjugate to an irrational rotation. Therefore, by Lemmawe conclude that N has 
a weakly repelling fixed point in fl, a contradiction. □ 

Our next step is to prove that Baker domains for Newton’s method always admit simply 
connected absorbing sets. 

Proposition 16 (Simply connected absorbing sets). Let N be a Newton map and let U 

be an invariant Baker domain of N. Then U has a simply connected absorbing domain. 

Proof. By Theorem we know that U has an absorbing set W such that W C U and 
N[W) C W. Assume that W cannot be chosen to be simply connected. Then, there exists a 
closed curve 7 C W such that K{"f) n J{N) / 0. By Lemma there exists n > 0, such that 
K{N’^{'y)) contains a pole p of N. Let H be the connected component of C \ VF containing p. 
Since W is connected, H is simply connected. 

Given that N{W) C W, we know that N{dLl) C C\n, in particular dQriN{dLl) = 0. Now 
we have two possibilities: either LI C ext{N(dLl)) or 17 C K{N{dL})). In the first case, we use 
Corollary 1^ with X = dLl to obtain a weakly repelling fixed point in LI, a contradiction. So 
we may assume that 

n C K{N{dLl)). 

Let 

5 = {s>0:pis contained in a bounded component of C \ N^{W)}. 

Note that 0 G 5, so sup 5 is well defined. We consider two further subcases. 
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Case (i): sup5 = S < oo. Then p is contained in a bounded component ri' of C \ N^{W) 
but is not contained in any bounded component of C \ Moreover, by Theorem lb 

we have 

N{dn') C N{NS{W)) = N^+^{W) C N^{W) C C \ H'. 

This implies that O' C ext{N(di}')). Consequently, the assumptions of Corollary are satis- 
hed for X = dil.' , and so N has a weakly repelling hxed point in Q' , which is impossible. 

Case (ii): sup5 = oo. Fix some point zq £ C, which is not a pole of N. By assumption 
and Theorem for sufficiently large n there exists a bounded component of C \ N'^{W) 
containing p, zq, N{zo), such that 


N{dn") c N{m{w)) = N^+^{w) c N^{w) c c \ n". 

Hence, 

IF C D, 

where D is a component of C\N{dIl"). We have zq, N{zo) £ H" C D. Hence, H”, D, zo satisfy 
the assumptions of Lemma(a), from which we conclude that N has a weakly repelling hxed 
point in Q", a contradiction. □ 

We are now ready to prove Theorem [H 


Proof of Theorem\14\ In view of Propositions and 16 we may assume that the invariant 
Fatou component 17 is a (super)attracting immediate basin, or a Baker domain with a simply 
connected absorbing set or a parabolic immediate basin of the point at inhnity (only for 
rational Newton maps). In each of these three cases, there is a simply connected absorbing 
set included in U (see Remark , and hence the iterates of any closed curve are eventually 
contractible. 

We assume that U is multiply connected. Under this assumption. Lemma provides a 
simple closed curve 7 ' C 17 so that int( 7 ') contains a pole of N, say p. Consider the set 


F' := U 

n>0 

Clearly F' is forward invariant, i.e., N (F') C F'. Notice that p ^ F'. 

Iterates of 7 ' must be eventually contractible. Hence there exists no > 0 such that p £ 
R(iV'^o(F')), but p i K{m{T')) for all n > uq. Set 

F := lV”o(F'). 

Note that F is a closed set in C except in some special cases where F \ F (where the closure 
is taken in C) may consist of an attracting hxed point. 

Let It' be the connected component of C \ F containing p and let 

It = |^{iL((T) I cj is a closed curve in U'}. 

By dehnition, U is a bounded simply connected domain in C containing p and such that 

C C F C U. 

Since A^(F) C F, one of the following must be satished: 

N{dlt) n U = 0 or N{dlL) C It. 
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Hence, using that no iterate of F can surround the pole p, we have to consider the following 
two cases: 


( 2 ) 


Q C ex.t{N(dQ)) or N{d^) C O. 


Case {i): Q C ext(A^(9n)). 

Let us first assume that 17 C ext{N{d^)). Then we are under the hypotheses of Corollary]^ 
with X = 517, which provides a weakly repelling fixed point of N in 17, which is impossible. 

If 17 C ext(iV(517)) but 517 intersects its image, we must again distinguish between two 
possibilities. Suppose that 517 contains no fixed point of N (see Figure (a)). Then 517 is a 
finite union of arcs contained in a finite number of iterates of the original curve 'j', and hence 
it is locally connected. It follows that we are under the hypothesis of Lemma (a’) with 
D = ext(A^(517)) and zq = p and, hence, there is a weakly repelling fixed point in 17, again a 
contradiction. 

We are left with the situation where 17 C ext{N(d^l)) and 517 contains a fixed point C of 
N (see Figure]^ (b))- This implies that U is an attracting basin of an attracting fixed point 

In this case we must proceed in a slightly different way. 

We first observe that C is the only fixed point in 517, given that 517 C U. Let A be a 
small topological disk containing ( such that A(A) C A (it exists because ( is attracting). 
Let 17 := 17 \ A. By construction, 517 is connected and therefore 17 is simply connected. 
Moreover, 517 is locally connected since iterates of F must eventually enter A, hence, as 
above, 517 consists of finitely many arcs. Finally, since C ^ 917, we are under the hypothesis 
of Lemma(a’), which again gives a contradiction. 


Case (ii): A(517) C 17. (See Figure [^(c)) 

In this case the assumptions of Proposition are satisfied. Indeed, 517 is locally connected 
since, as in the previous cases, it consists of finitely many arcs (notice that 517 cannot contain 
any fixed point in this case, and hence it is disjoint from the appropriate absorbing set). We 
conclude from Proposition 11 that 17 contains at least two fixed points, since 17 contains at 
least one pole. One of them may possibly be the attracting fixed point in U (if U happened 
to be an attracting basin), but the second one belongs to a different attracting basin, say U'. 
However U' <Z Cl and hence it is bounded, a contradiction with Proposition]^ 


We conclude that U is simply connected and the proof is finished. 


□ 



Figure 2. Sketch of possible setups in the proof of Theorem 14 In case (b), C is 


an attracting fixed point. In cases (a) and (c), rj is either an attracting fixed point or 
the point at infinity. 
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3.2. Periodic Fatou components of period p > 1 , preperiodic components and 
wandering domains. 

Our goal in this section is to prove the following theorem. 


Theorem 17 ((Pre)periodic and wandering Fatou components). Let N be a Newton 
map and let U be either a periodic Fatou component of minimal period p > 1, a preperiodic 
component or a wandering domain. Then U is simply connected. In particular U cannot be 
a p-periodic Herman ring. 


Proof. Assume that U is multiply connected. By Lemma there exist n> 0 and a simple 
closed curve 7 C N'^{U) surrounding a pole p of N. Let V be the Fatou component containing 
N^{U). We denote by 0 the bounded connected component of C \ 7 (i.e., 7 = dH). 

Observe that V cannot be invariant, since Theorem 14 ensures that invariant Fatou compo¬ 
nents are simply connected. Hence, N{'y) n 7 = 0 and there are three cases to be considered: 

H C ext(iV( 7 )) or A" ( 7 ) C H or 'y C K {N {■j)) . 





Figure 3. 


Sketch of possible setups in the proof of Theorem 17 


In the first case (see Figure]^ (S’)); Corollary with A = 7 implies that N has a weakly 
repelling fixed point in H, a contradiction. In the second case (see Figure]^ (b)). Proposition 
11 implies that N has at least two fixed points in H. Since A is a Newton map, these two 


fixed points in Q are attracting. Their corresponding immediate basins are in the interior of 
7 and hence they are bounded, which contradicts Proposition!^ 

Now consider the remaining case (see Figure]^ (c)) 

7C A(A(7)). 


Notice that N{'y) C N{V) also surrounds the pole p and hence N{V) is not forward 
invariant either. It follows that N'^i'j) H N['y) = 0 

There are two possible relative position between and N{'y). 

A^( 7 ) C ext(A( 7 )) or A^( 7 ) C A(A( 7 )). 

In the first case Corollary |10| implies there is a weakly repelling hxed point in K (A ( 7 )), a 
contradiction. In the second case, since N'^i'y) and N{‘j) are disjoint, it follows that A^( 7 ) is 
contained in a component of C \ N('y). Notice that Ll' is bounded and simply connected. 
Since dLl' C N{'y) and N{dQ') C A^( 7 ), we have that A(9H') C Hb We are then under the 
hypothesis of Proposition [H from which we conclude that H' contains a hxed point. This 
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fixed point must be attracting and its basin is contained in ri' because Sfi' C N{V) and 
N{V) is not invariant. But this is a contradiction since N has no bounded attracting basins 
by Proposition!^ □ 
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